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Exercise 4C
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1 dx
J'az+x2
Let x=atanf = dx =asec* 6dé
2
I 1 dxj asec” 6 40

a’ +x* a’+a’tan’ @
_J‘ asec’ @ 40
1+tan 9)
_ _.[ sec?
sec 6?
:-jda
a
_1 O0+c
a
Since x=atan@
0 = arctan (ij
a
Therefore:
_[ %dx = larctan( J+ ¢ as required
a +x a a

2 j L
1= x?
Let x=cos@ = dx=-sinddéd
—sin@ 40

'[\/1 x’ = '[\/1 cos’ @

J- sin &
AV, Sll’l
=—jd9

=-0+c
Since x =cosé
@ = arccos x
Therefore:

J. \/1_2 dx = —arccosx + ¢ as required
I-x

dv =3[

1
—dx
V22 —x?

[ x
=3arcsin| — |+c¢
(2j

3
3 a j—,_4_x2
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= ar cosh (fj +c
3
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= arcsin (Ej +c

dx =3[

1
—dx
x? +3?

=3arsinh (g) +c

3
e

c jﬁdxzjmdx

= arcosh [ij +c

N

1 |
d Il6+x2dxzj42+x2dx

=—arctan| — |+c¢
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6 2
1 1
¢ P16 16
9x* +16 \/9(x2+]
9
1

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank
1 1
5d \/3_4x2_\/4 E_ 2)
4 b

_ 1

2 (3J2—x2
2

1 1 1

f—r%z dv=—] dx

2 s
6 dx=2 dx
! -!1+x2 '!‘1+x2
=2 [arctan x]f

=2[arctan 3 —arctan1]
=(0.927 rads

= %(arsinh4 - arsinh2)
=0.977
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6 ¢ \21-3x* = 3(7—x2

S—

2 2
[ =t [
“N21-3x 37 (ﬁ _ 2
2 {arcsin [iﬂz
3 V7)1,
1 2 [ -1
= ﬁ arcsin [—7j —arcsin [ﬁﬂ
=0.719

1| T
7 a dx = dx
!unm '([\/x2+42

]

= [arsinhl —arsinh 0]

ﬂn(l+ﬁ)—ln(0+\/m)
(since arsinhx = In (x 41 ))
In(1++2)-In(1)
=In(1++2)
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e a] m

—I

)

5
O
o o &

= ﬁ arsinh (\/E) —arsinh (—ﬁﬂ
3

=227 (3 s£)

b V:j‘yzdx

o[ 2o

=2nx———| arctan

/f 5l

= 2\/_n arctan {@JT
3 3 L

= 2\2n arctan (\/5) —arctan (—g}:l

3
=4.13 (3 s.f))
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9 a x*+y* =/
Y=ty
y=~lr —x?

Area of one-quarter of the circle is given by I ydx
0

Therefore:

A:4jydx

0
A= 4I\/r2 —x” dx as required
0
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9 b x=rcosd=dx=-rsinddé@
whenx=r, @=cos ' 1=0

when x =0, ¢9=cos"10=E

A=4[r* =¥ dx
Therefore:

A= 4j\/ ~r*cos>0) (~rsin6)do

= —441 Ir’ (1—(:032 6?) (sin ¢9)d6’
B
= —4r2j|)-1 [(1-cos* 6) (sin#)do
2

0

= —4r2J‘sin2 0deo

o WA

I
l\)

de —2r jcoszede

Il
|
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N | —
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’Cb
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o,
)

r
2

cos260df =0, therefore:

8 —

2
0
A:—Zrzjdﬁ
2

=27 [49]05
2

=-2r (0 —Ej
2

=mr? asrequired
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10a '[9)62 +4

Letx:ztanﬁzﬂzzseczﬁ
3 dg 3

e ﬂtan219 )

[co—dr=[————xZsec’0d0

Ox"+4 9><§tan249+4

8 tan” @
T 277 4tan’ 6 +4
_ 8 tan’ 6
27 4(tan2 9+1)
2 tan” &
" 27 sec?d

=ijtan29d9
27

sec’6do

sec’0d@

sec’6d@

:%j(sec2 0—1)d0
:%(tan9—9)+c

X =gtan9 =0= arctan(ixj
3 2

Therefore:

x* 2 3 3
j > dx=—/| tan| arctan| —x | |—arctan| —x | [+¢
Ox” +4 27 2 2

2(3 (3 j
=—| —x—arctan| —x | |+c
27\ 2 2

1 2
=—x——arctan| —x |+c¢
9 27 (2 j
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10b J’ —dx

Let x= smh2 u=dx=2sinhucoshudu and u = arsinh(\/;)
- 12
J.‘/idx:.[ SIHZ# x 2sinh u cosh u du
x+1 sinh“u+1

- 1.2
:2I1/smh2u sinh u cosh u du
cosh” u

=2jsinh2udu

:2,[ cosh2u —1
2

= J.(cosh 2u —l)du

du

:lsinhZu—u +c
2

=sinhucoshu—u+c
= (sinhu)v1+sinh>u —u+c

x=sinh’u,
Therefore:

j %ldx:\/;x\/E—arsinh(\/;)+c
x

j de.\/idx2J‘\/7

[ dr—2 [ dx
I [x2_4 I [x2_22
=+/x* —4 —2arcosh (%) dx+c

j 2x—1

2x 1
——dx= | —dx—- | ——dx
V2 —x? J‘\/2—962 J.\/2 x2

:_2jﬁ \/7
=-2\J2-x —arcsm(ﬁ}rc || < <V2

Note that this can equivalently be written as

=-24/2—x* +arccos ij+c x<\/§
() H
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2+3x
e [Foad=] I1+3x &
IJ- 6x
1+3x°

=[ ey
3(3”)

Z_I _Il+3x
(ﬁJ o

———arctan
/f /f

= %arctan(«/gx) +InvV1+3x* +¢

1+3x ) c

x2+4x+10_x2+4x+10

12 =
X’ +5x x(x2+5)
A Bx+C
x x*+5

X +4x+10= A(x* +5)+x(Bx+C)

Comparing coefficients:
For constant terms:

54A=10
A=2
For x:
C=4
For x*:
A+B=1
B=-1
Therefore:
x> +4x+10 2 —x+4
S . .tz
X +5x X x +5
2 X 4
=TT +—
X X +5 x+5
Therefore:
x*+4x+10 4
J. x*+5x dr= -[ dr= '[x +5dx+Ix2+5dx
:2j—dx—l X ey +4f— dx
X 29 x*+5

1
1 4 X
=2lnx——In(x*+5)+—arctan| — |+c¢
2 (¥ +3) J5 (ﬁj

=Inx*—-InvVx*+5+— 4
Js

=In [x—zj + iarctan (LJ +c
Jx*+5 \/g \/g

arctan (

J5
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2 _ 4 +Bx+C
(x+l)(x2+1) x+1  x*+1
2= A(x* +1)+(Bx+C)(x+1)
= Ax*+ A+ Bx’ + Bx+Cx+C
=x’(A+B)+x(B+C)+(4+C)
Comparing coefficients:

For x%

A+B=0=> A=-B

For x:
B+C=0=>B=-C=>A4=C

For constant term:
A+C=2=24A=2=A4=C=1

13

and
B=-1
Therefore:
2 1 +—x+1
(x+1)(x2+l) x+1 x*+1
1 X 1
- +

x+1 xX*+1 x*+1
1

(1 (X (1
I {?dx—fxmd“fxmdx

O 0 0

dx

01 1
:lﬁ _50x2+1 J‘x +1

~[in(xs1)], | S
=[In(x+1 ]; [ln X+ } +[arctan x],

(
+()

=In (iJ +arctanl
V2

:1n2—%1n2+arctan1

X +1} [arctanx]:)

+ [arctan X

( j +arctan1—arctan 0

=%ln2+arctan1
=lln2+£
2 4

= l(n +1In2) as required
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o 2x
14j ——dx
2NVX —1
Letu =x*

du

—=2x=dx =2xdu
dx

Whenx=2,u=4
Whenx=3,u=9

o 2x (|
dx = du
'!\/x4—1 ?[\/uz—l

= [arcosh u]i

= arcosh 9 —arcosh 4
=0.824 (3 s.f)

Solution Bank
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1
4 e
15 | ——dx
'([\/1—4)62
Let x:lsinﬁzdx:%cosﬁdﬁ and @ = arcsin 2x
Whenx=0,6=0

When x:%, 9:3

6

0| —

0| —

—_
oy oSt |8 Oty

8
:LJ(I—COS20) deo
0

=i[9—lsmze}6
2

= E(27t — 3x/§) as required
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16a [Jx*—4dx

Let x=2coshu = dx=2sinhu du

.[\/xz —4dx:I\/4cosh2u—4x2sinhu du

= 2j,/4(cosh2 u —1) xsinhu du
:4ijsinhu du
:4Isinh2udu
:4-[ cosh22u 1
:2I(cosh2u—1)du
=2Icosh2udu—2jdu

=sinh2u —-2u+c
=2sinhucoshu—2u+c

=2coshu, /(cosh2 u —1) —2u+c

Since x = coshu

du

2
=x X —4 —2arcosh d +c
4 2

== —4 —2arcosh ( 2] + ¢ as required

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.

16



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson

3. />
=—/x" -4
73

Aty=0,x==%2
As the hyperbola has a line of symmetry at the x-axis, the area between the hyperbola, x =2 and
x =4 is given by:

4

A=2ydx
2
4

=3[Vx* —4dx

2

=3 %xlxz —4 —2arcosh (gﬂ
L 2

=3 _G\/H —2arcosh GD - G\/ﬁ - 2arcosh (%D}
{48 )]

=3(212 + 2(arcosh (1) - arcosh (2))

=63/12 + 6(arcosh (1)—arcosh (2))

= 6+/12 + 6arcosh(2)
=129 (3s.f)

4
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17 j !
2cosh x —sinh x

1 1

2coshx—sinhx 2[;(ex +ex)J_;(ex _efx)

e'+te ' ——e"+—¢
2
B 1
B X 3 X
—e"+=e
2
B 2
e +3¢"
2"
e’ +3
Therefore:
1 2¢”
] ——de= [
2 cosh x —sinh x e’ +3

Let u=e" = du=e"dx

2¢e* 2
~[2ex+3dx:~[u2+3 du
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1 1
cosh x 1
18 | —dx = cosh xdx
‘([\/4sinh2x+9 '! 4 .,
9 gsmh x+1
1
:l 1 cosh xdx

3 2
° \/(isinhx) +1

Let u :gsinhx: du zgcoshxdx
Whenx=0,u=0
When x =1, u=§sinh1

.1[ cosh x 3 13 J‘ 1 du
o\/4s1nh2x+9 2 5 Nut+1
=l[arsinhu]3 "
2
1 ) 2. )
= —| arsinh | —sinh1 |—arsinh (O)
2 3
:larsinh %sinhl
2 3
=0.360 (3 s.f))
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. 1 1
D e P TP
! B
“(a-x) (a+x)
I:A(a+x)+B(a—x)
Comparing coefficients:

For x:
A-B=0=>A4A=B
For constant terms:

aA—aB=1:>A=L andB=L
2a 2a

1 1 N 1
az—xz_Za(a—x) 2a(a+x)

1 1
J.az—xzdx:IZa(a—x)dx J.2a a+x)
L gy Ly ]
2a (a—x) 2a (a+x)

:—iln(a—x)+iln(a+x)+c

1 (a+x]
=—1In +
2a a—x

1
ii dx
J‘aZ _x2
Let x—atanh@:dx—asechzﬁdﬁ

- «xasech’0d@

—a’ tanh?

3 J~ asech’ 0
1 tanh” @ )

_ 1 J- sech’ ¢9
sech? «9

=;jd9

219+c
a

1
=—artanh (ij +c
a a

19b Equating the answers from a parts i and ii gives:

1 X 1 a+x

—artanh[—}rc :—ln( J+c

a a 2a a—x

lartanh(ﬁj =Lln(a+xj

a a 2a a—x

artanh(ﬁj :lln[a+x) x| <a
a 2 a—x
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1

Let x-secH: dx-sec@tan@dé?

J. I xsecftanfdd
sec 49\/sec -1

= | ———-xsecfdtan0dEl
J‘sectﬁ?\/m

=jd9

=0+c

Since x =sec@ = 6 = arcsec x
Therefore:

=
b IJiFIdx

Let x =sec0 = dx=secOtanddO

dx =arcsecx+c

[ 2 / 2
j al _1dx=IL9_lsec6’ tanédeo
X secd
=jmn29d9
=tanfd—-0+c

=sec’O-1-60+c¢
=+/x* —1—arcsecx+c
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